Magnetoelectronic and optical properties of nonuniform graphene
  nanoribbons by Chung, Hsien-Ching et al.
Magnetoelectronic and optical properties of nonuniform
graphene nanoribbons
Hsien-Ching Chunga,b,∗, Yu-Tsung Lina, Shih-Yang Lina, Ching-Hong Hoc,
Cheng-Peng Changc, Ming-Fa Lina,∗
aDepartment of Physics, National Cheng Kung University, Tainan 70101, Taiwan
bCenter for Micro/Nano Science and Technology (CMNST), National Cheng Kung
University, Tainan 70101, Taiwan
cCenter for General Education, Tainan University of Technology, Tainan 701, Taiwan
Abstract
The electronic and optical properties of nonuniform bilayer graphene
nanoribbons are worth investigating as they exhibit rich magnetic quantiza-
tion. Based on our numerical results, their electronic and optical properties
strongly depend on the competition between magnetic quantization, lateral
confinement, and stacking configuration. The results of our calculations lead
to four categories of magneto-electronic energy spectra, namely monolayer-
like, bilayer-like, coexistent, and irregular quasi-Landau-level like. Various
types of spectra described in this paper are mainly characterized by unusual
spatial distributions of wave functions in the system under study. In our pa-
per, we demonstrate that these unusual quantized modes lead to the appear-
ance of such diverse magneto-optical spectra. Moreover, the investigation of
the density of states in our model leads to the appearance of many prominent
symmetric and weakly asymmetric peaks. The almost well-behaved quasi-
Landau levels exhibit high-intensity peaks with specific selection rules, and
the distorted energy subbands present numerous low-intensity peaks without
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any selection rules.
1. Introduction
Graphene, a one-atom-thick hexagonal lattice comprising carbon atoms,
was discovered in 2004 [1]. Its superior electronic [2, 3], magnetic [4], op-
tical [5], thermal [3, 6], mechanical [7], and transport [8, 9] properties are
of interest because of the fundamental science included and its technical ap-
plications [10–13]. However, its gapless feature results in a low on/off ratio
(≈ 5) in graphene-based field-effect transistors (FETs) and is an impedi-
ment to the development of graphene nanoelectronics [14]. One of the most
promising approaches to controlling the electronic and optical properties is
to fabricate quasi-one-dimensional (quasi-1D) graphene strips, referred to as
graphene nanoribbons (GNRs). Electrical transport experiments have shown
that the lateral-confinement-induced gap in GNRs facilitates the fabrication
of FETs with high on/off ratios, approximately 107 at room temperature [15].
Four major state-of-the-art fabrication methods, including both top-down
and bottom-up methods, have been proposed to achieve large-scale produc-
tion of GNRs: cutting of graphene [15, 16], unzipping of carbon nanotube
(CNT) [17, 18], chemical vapor deposition (CVD) [19, 20], and piecewise link-
ing of molecular precursor monomers [21, 22]. Researchers are constantly in
quest of other methods to precisely control the nanoscale width and realize
a perfect edge structure. The first three of the aforementioned four methods
can be used to successfully fabricate few-layer GNRs and also nonuniform
GNRs. In this study, we investigated the rich magnetic quantization of the
electronic and optical properties of nonuniform bilayer GNRs. These GNRs
comprise two GNRs with different widths (Fig. 1) and can be fabricated
through mechanical exfoliation [23, 24], cutting of graphene [25, 26], chemi-
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cal unzipping of CNT [17, 27], and CVD [19, 28].
Changes in the edge structure, ribbon width, and stacking configura-
tion can drastically alter the electronic properties of GNRs. There are two
achiral edge structures: zigzag and armchair. The energy gaps of armchair
GNRs (AGNRs) have been predicted to be inversely proportional to the
GNR width [29, 30]. By contrast, zigzag GNRs (ZGNRs) show dispersion-
less partial flat subbands at the Fermi energy (EF = 0), arising from the
edge-localized states [31, 32]. The width-dependent energy gap has been
confirmed by conductance [15, 16] and tunneling current measurements [25],
and the existence of the edge-localized states has been verified using scanning
tunneling microscopy (STM) [33, 34] and angle-resolved photoemission spec-
troscopy [35]. There are two typical stackings in GNRs, namely AB and AA
stackings. In the AA stacking, all carbon atoms of the hexagonal rings are
nearest-neighbors (i.e., positioned on top of each other), whereas in the AB
stacking, only half of the atoms are nearest-neighbors, with the remaining
half of the atoms being located above and below the empty centers of the
hexagonal rings. Bilayer GNRs show two groups of energy subbands, with
each group containing both conduction and valence subbands. The onset
energies of the subband groups are closely related to the stacking configura-
tion. For the high symmetry AA stacking, both groups are initiated at an
energy approximately equal to the vertical nearest-neighbor interlayer inter-
action, and there is a strong overlap between the valence subbands of the
first group and the conduction subbands of the second group. By contrast,
for the AB stacking, one group is at the Fermi energy and the other group
is displaced by an energy equal to the nearest-neighbor interlayer interac-
tion. Moreover, there is only a weak overlap between the conduction and the
valence subbands of the first group [36].
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Figure 1: Nonuniform bilayer GNR with a narrow top layer (red strip) of width Wt and
a wide bottom layer (blue strip) of width Wb; Ds is the distance between their edges.
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A uniform perpendicular magnetic field can bunch neighboring electronic
states and thereby form highly degenerate Landau levels with quantized
cyclotron radii. Magnetic quantization is strongly suppressed by the lat-
eral confinement. The competition between magnetic quantization and lat-
eral confinement leads to a variety of magnetoelectronic structures includ-
ing partly dispersionless quasi-Landau levels (QLLs), partial flat subbands,
and 1D parabolic subbands [37, 38]. The energy dispersions associated with
these subbands lead to two types of peaks in the density of states (DOS),
symmetric and asymmetric peaks [39–41]. QLLs can be formed for suffi-
ciently wide nanoribbons, and each Landau wave function has a localized
symmetric/antisymmetric spatial distribution with a specific number of zero
points (quantum number n). The magneto-optical spectra exhibit numerous
symmetric and asymmetric absorption peaks. The symmetric absorption
peaks originate from inter-QLL transitions and obey the edge-independent
magneto-optical selection rule |∆n| = 1 [39]. By contrast, the asymmetric
peaks originate from optical transitions among parabolic subbands and sat-
isfy the edge-dependent selection rules [42–44]. When the number of layers
is doubled, bilayer GNRs have two groups of QLLs [40, 45, 46], and their
onset energies are the same as the zero-field energies. Furthermore, only the
intragroup optical transitions occur in the AA stacking, whereas intergroup
transitions are also occur in the AB stacking. This difference is derived from
the fact that the wave functions of the AA stacking are symmetric or anti-
symmetric superpositions of the tight-binding functions on different layers.
The magnetoelectronic and optical properties of nonuniform bilayer GNRs
are directly dependent on the geometric structures, such as the widths of the
top and bottom layers (Wt and Wb), the relative distance between their
edges (Ds), and inner boundaries of the top narrow ribbon (Fig. 1). Four
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categories of magnetoelectronic energy spectra are reflected in the DOS, and
they involve monolayer-like, bilayer-like, coexistent, and irregular QLLs. The
various categories of QLL spectra show distinct optical properties. In partic-
ular, the coexistent QLLs can exist only when the widths of the monolayer
and bilayer regions are considerably greater than the magnetic length. The
QLL wave functions are well behaved, and they give rise to many high-
intensity absorption peaks with two specific optical selection rules. In GNRs
with irregular QLLs, the two subband groups of different layers vary con-
siderably, and the wave functions are seriously distorted and piecewise con-
tinuous. Consequently, many low-intensity absorption peaks without any
selection rules exist. These feature-rich electronic and optical properties can
be experimentally verified, and the nonuniform GNR provides an alternative
for understanding the optical properties of other related structures, such as
partially overlapping GNRs [47–49], GNR-graphene superlattices [50], and
van der Waals heterostructures [51–53].
2. Tight-binding model
Zigzag and armchair nanoribbons feature similar magneto-optical transi-
tions, thus for the sake of brevity, we focus on the study of nonuniform bilayer
AB-stacked ZGNRs to investigate the edge-independent state energy of their
QLLs and magneto-optical selection rule. The geometric structure is com-
posed of two ZGNRs of different widths (Fig. 2(a)). The wide bottom and
narrow top layers are represented by the heavy black and light red hexagonal
lattices, respectively. The primitive unit cell enclosed by the dashed rectangle
has a periodic length given by Ix =
√
3b, where b = 1.42 A˚ is the C–C bond
length. The first Brillouin zone is in the region −pi/Ix < kx ≤ pi/Ix. The
carbon atoms on the mth zigzag line of the bottom (top) layer are denoted
6
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Figure 2: (a) Geometric structure of a nonuniform bilayer AB-stacked ZGNR. (b) In-
tralayer and interlayer atomic interactions.
by A1(2)m ’s (filled circles) or B
1(2)
m ’s (open circles). The superscripts 1 and 2
indicate the top and bottom layers, respectively. There are 2Nb+2Nt carbon
atoms in a unit cell, where Nb (Nt) is the number of zigzag lines of the bottom
(top) layer. The top and bottom layers have widths of Wt = b(3Nt/2 − 1)
and Wb = b(3Nb/2− 1), respectively, and are vertically shifted by a distance
of c = 3.35 A˚. The layers conform to AB stacking; in other words, the two
hexagonal lattices are displaced by a horizontal distance b from each other as
viewed from the top. The first zigzag line of the top layer is on the (ds+1)th
zigzag line of the bottom layer, and the distance between the edges of the
top and bottom layers is Ds = |b(3ds − 1)/2|.
The low-energy electronic properties are dominated by the tight-binding
functions of 2pz orbitals. On the basis of the 2Nb + 2Nt tight-binding func-
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tions, the nearest-neighbor Hamiltonian can be expressed as
H = −γ0
∑
m,n
(
|ΦA1m 〉〈ΦB
1
n |+ |ΦA
2
m 〉〈ΦB
2
n |
)
−∑
i
γi
∑
m,n
|ΦA1m 〉〈ΦB
2
n |+ H.c.. (1)
The Bloch wave function is given by
|Ψc,v〉 =
Nb∑
m
(
A1m|ΦA
1
m 〉+B1m|ΦB
1
m 〉
)
+
Nt∑
n
(
A2n|ΦA
2
n 〉+B2n|ΦB
2
n 〉
)
, (2)
where |ΦA1(2)m 〉 (|ΦB1(2)n 〉) represents the tight-binding functions associated
with the 2pz orbitals on the mth (nth) site of the first-layer (second-layer)
sublattice A1(2) (B1(2)). The first term describes only the intralayer atomic
interactions between the nearest neighbors in each layer, and the second term
pertains to the interlayer atomic interactions. According to the Slonczewski–
Weiss–McClure model [54], the atomic interactions in 2pz orbitals for the AB
stacking are the intralayer atomic interactions between the nearest carbon
atoms (γ0 = 2.598 eV), and interlayer atomic interactions between A
1 and
A2 atoms (γ1 = 0.364 eV), B
1 and B2 atoms (γ3 = 0.319 eV), and A
1 and B2
(A2 and B1) atoms (γ4 = 0.177 eV) (Fig. 2(b)); there is also a chemical shift
(γ6 = −0.026 eV) [55]. A1m, B1m, A2m, and B2m in Eq. (2) are the amplitudes
of the subenvelope functions on the four distinct sublattices.
When a uniform static magnetic field given by B = B0zˆ is applied per-
pendicular to the ribbon plane, the effective Hamiltonian can be interpreted
as the Peierls substitution Hamiltonian [56]. Each Hamiltonian matrix el-
ement becomes the product of the zero-field element and the extra phase
factor exp(i2piθmn), where θmn is expressed as (1/φ0)
∫ n
mA · dl and is defined
as a line integral of the vector potential A from the mth site to the nth site.
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Here, A is chosen as (−B0y, 0, 0) to preserve the translational invariance in
the x-direction under the Landau gauge, and φ0 = h/e is the magnetic flux
quantum. The diagonalization of the Hamiltonian matrix H yields the en-
ergy spectrum Ec,v(kx) and wave functions |Ψc,v〉, where the superscripts c
and v denote the conduction and valence subbands, respectively.
3. Magnetoelectronic properties
The electronic properties of nonuniform bilayer ZGNRs are very sensitive
to changes in the relative position between the two layers, ribbon width, in-
terlayer atomic interactions, and magnetic field. There are four categories of
magnetoelectronic energy spectra, namely monolayer-like, bilayer-like, coex-
istent, and irregular QLL spectra. First, when the top layer is insufficiently
wide for magnetic quantization and the bottom layer is sufficiently wide
for magnetic quantization, the energy spectrum can be regarded as a mix-
ture of two monolayer-like spectra. One monolayer-like spectrum consists of
monolayer-like QLLs contributed by the bottom layer, whose width is greater
than the magnetic length (lB =
√
h¯/eB0). The other monolayer-like spec-
trum comprises the parabolic subbands arising from the top layer, which has
a width lesser than lB. The relative position between the two layers plays
a crucial role in the mixing of these electronic energy spectra. As the top
layer is at the edge of the bottom layer (ds = 0), the Landau orbits near
the center of the bottom layer are almost unaffected (Fig. 3(a)). The QLLs
are formed around kx = 2/3, and their energies are roughly proportional to
√
nc,vB0, where n
c,v = 0, 1, 2, ... is the subband index labeled from the Fermi
energy. QLLs with a larger-nc,v have wider Landau orbits and a smaller kx
range in the dispersionless energy spectrum. Because of the destruction of
inversion symmetry, the energy spectrum is no longer symmetric about the
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kx = 0 axis (E
c,v(kx) 6= Ec,v(−kx)). Apparently, the parabolic subbands at
−kx mix with the left-hand side of the QLLs, instead of the right-hand side
of QLLs. Furthermore, two pairs of degenerate partial flat subbands are re-
vealed near EF = 0 with an energy spacing ∆UI of 75 meV, and they are one
of the main features of bilayer ZGNRs. When the top layer gradually moves
to the center, the parabolic subbands shift to the formation center of QLLs
(kx = ±2/3, where parabolic subbands become QLLs as the magnetic field
grows) and subband mixings are considerably enhanced. In particular, for
the case of a center-positioned top layer (ds = 112), the dispersionless QLLs
are transformed to irregular oscillatory QLLs with many extra band-edge
states (Fig. 3(b)), indicating that the Landau orbits are strongly suppressed
(this is discussed later). The dispersionless QLLs can be recovered from the
irregular oscillatory QLLs, as the top layer moves to the right edge (ds = 225
in Fig. 3(c)). Furthermore, the parabolic subbands are shifted to the right
side of the QLLs. Additionally, the energy spectra for the cases of the left-
edge- and right-edge-aligned top layer (Figs. 3(a) and 3(c)) are not symmetric
about the kx = 0 axis because of the asymmetry in the geometric structures.
The QLL spectrum can be transformed from a monolayer-like spectrum to
a bilayer-like spectrum, depending on the top layer width. For an extremely
narrow top layer (Nt = 2, Wt < lB, and Wb > lB), the main magneto-
electronic energy spectrum is the energy dispersions of the bottom layer,
including the monolayer-like QLLs and the partial flat subbands at EF = 0
(red curves in Fig. 4(a)). The top layer contributes only two parabolic sub-
bands with band-edge states at the zone boundaries (black curves). With an
increase in the top layer width (Nt = 25, Wt ∼ lB, and Wb > lB in Fig. 3(b)),
the monolayer-like QLL spectrum is highly distorted, exhibiting serious sub-
band mixing, because of the interlayer atomic interactions. Later, the second
10
Figure 3: Low-energy magnetoelectronic structures of nonuniform bilayer AB-stacked
ZGNRs with Nb = 250 and Nt = 25 at (a) ds = 0, (b) ds = 112, and (c) ds = 225 for
B0 = 30 T. The top view of each configuration is depicted in the gray zones. The circles
mark the locations of the electronic states on the nc = 1–3 QLLs at kx = 2/3. The DOSs
are presented in (d), (e), and (f). The red triangles indicate the peaks at ω = −75 meV.
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group of QLLs starts at the energies of the nearest-neighbor interlayer inter-
actions (±γ1) when Wt > lB (Nt = 150 in Fig. 4(b)). The monolayer-like
QLL spectrum evolves into a bilayer-like QLL spectrum. The energy spac-
ings between QLLs are reduced, and the
√
B0 dependence of QLL energies no
longer holds. It is noteworthy that the two groups of QLLs are mixed with
extra parabolic subbands. The parabolic subbands are due to the nonover-
lapping regions of the bottom layer, whose width is insufficiently for magnetic
quantization. In another extreme case (Fig. 4(c)), the top layer becomes as
wide as the bottom layer (Nt = 250 and Wt = Wb > lB), and consequently
the entire bilayer QLL spectrum is obtained; in Fig. 4(c), the QLLs of the
first and second group are indexed with nc,v1 and n
c,v
2 , respectively.
The monolayer- and bilayer-like QLL spectra can simultaneously exist
because the overlapping and nonoverlapping regions are sufficiently wide for
quantizing the electronic states. Furthermore, bilayer- and monolayer-like
QLLs at positive (negative) wave vectors are obtained at kx < 2/3 and
kx > 2/3 (kx < −2/3 and kx > −2/3), respectively (Fig. 5(a)). An ex-
tra group of intermediate QLLs is formed, and it shows subband mixing
of the monolayer- and bilayer-like QLLs because of the interface between
the regions with/without interlayer interactions. The spatial distributions of
intermediate states exhibit wave functions at the interface, and they are dis-
cussed later. The coexistent QLL spectrum is also sensitive to the top layer
position. In the case of the center-positioned top layer (Fig. 5(b)), there are
two groups of monolayer-like QLLs, one group of bilayer-like QLLs, and two
extra groups of intermediate QLLs, reflecting the special geometric structure
of the nonuniform bilayer ZGNR with two interfaces.
The DOS, defined as 2
∑
kx,nc,v δ[ω−Ec,v(kx, nc,v)] (the numeral 2 indicates
the spin), directly reflects the main features of the energy spectra [57]. Two
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Figure 4: Magnetoelectronic structures of the nonuniform ZGNRs with Nb = 250 for (a)
Nt = 2, (b) Nt = 150, and (c) Nt = 250 at the ribbon center. The red triangles and blue
diamonds mark the locations of the the electronic states on the first- and second-group
QLLs at kx = 2/3, respectively. (d)–(f) The corresponding DOSs. The red and blue
arrows indicate the first- and second-group QLL peaks, respectively.
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Figure 5: Coexistence of monolayer- and bilayer-like QLL energy spectra for nonuniform
ZGNRs with Nb = 700 and Nt = 300 at (a) ds = 0 and (b) ds = 200. Insets show
magnified views of the intermediate QLLs within the red and blue boxes. The red and
blue crosses mark the locations of the electronic states at kx = k1 and k2, respectively.
The corresponding DOSs are shown in (c) and (d), where the red circles, green triangles,
and blue diamonds indicate the first few monolayer-like QLL peaks, bilayer-like QLL peaks
of the first group, and bilayer-like QLL peaks of the second group, respectively.
14
types of peaks are presented, including symmetric and asymmetric peaks.
The symmetric peaks are delta-function-like peaks with two-side-divergent
structure at the peak frequency ω (so that the peak is symmetric about
the axis of ω). They are the prominent peaks and originate from partial
flat subbands and dispersionless QLLs. The asymmetric peaks with one-
side-divergent structure are the secondary peaks, and they originate from
the band-edge states of parabolic and irregular oscillatory subbands. The
edge-aligned narrow top layer partially distorts the QLLs, and therefore,
the monolayer-like DOS is almost unaffected (Figs. 3(d) and 3(f)). The
highest symmetric peak at EF = 0 originates mainly from the partial flat
subbands, and the QLL peak intensity, proportional to the QLL spread range
in the momentum space, gradually decreases with an increase in nc,v. The
high-intensity QLL peaks are surrounded by asymmetric subpeaks, which are
attributed to the extra band-edge states of the mixed subbands. Notably,
the symmetric peak of high intensity at ω = −75 meV (marked by the red
triangle in Figs. 3(d) and 3(f)) demonstrates one of the characteristics of
bilayer ZGNRs. The DOS varies drastically when the top layer moves above
the center of the bottom layer. The QLL peaks are strongly suppressed, and
most of them are replaced by lower-intensity asymmetric peaks corresponding
to the band-edge states of the irregular oscillatory QLLs (Fig. 3(e)). The
width of the center-positioned top layer determines whether the DOS is closer
to the monolayer- or bilayer-like DOS. Monolayer-like DOS with additional
asymmetric subpeaks are revealed for a very narrow top layer (Fig. 4(d)).
When the top layer becomes sufficiently wide (Wt > lB in Fig. 4(e)), the
frequency spacings between the suppressed QLLs are reduced (red arrows),
and the second group of QLLs forms at ±γ1 (blue arrows). At Wt = Wb, the
DOS of the bilayer ZGNR is displayed (Fig. 4(f)). The monolayer-like QLL
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peaks can concurrently exist with the bilayer-like QLL peaks for nonuniform
ZGNRs with Wt > lB and Wb −Wt > lB as shown in Fig. 5(c) (in Fig. 5(d),
(Wb −Wt)/2 > lB). The monolayer-like QLL peaks with wider spacings are
indicated by the red circles, and the bilayer-like QLL peaks with narrower
spacings are marked by the green triangles and blue diamonds. Their relative
peak height is sensitive to the top-layer position; for example, the intensity
of the monolayer-like QLL peaks decreases rapidly for the case of center-
positioned top layer (Fig. 5(d)). It is predicted that the optical absorption
peaks are contributed by transitions between high-DOS QLLs.
The position- and width-dependent DOSs can provide full information
on the electronic energy spectra. Special structures are formed or destroyed
when the top-layer position changes (0 ≤ ds ≤ 225 in Fig. 6(a)). The highest
peak is contributed by the nc,v = 0 QLL and degenerate partial flat sub-
bands. The intensity of the nc = 1 QLL peak gradually decreases, reaches
the minimum (ds = 112 indicated by the red curve), and then increases to
the maximum (ds = 225). This is due to the change from the dispersionless
QLL to the irregular oscillatory QLL. The other peaks disappear and form
at certain critical ds’s values (indicated by the green and blue lines). This is
relatively easily observed for the larger-nc QLL peaks since the dispersion-
less QLLs are thoroughly transformed into irregular oscillatory QLLs. For
another structure in the DOS, the ripples originate from many asymmetric
peaks pertaining to the band-edge states of the irregular oscillatory QLLs.
On the other hand, the DOS is drastically altered as the top-layer width varies
in the range of 2 ≤ Nt ≤ 250 (Fig. 6(b)). The intensities of the monolayer-
like QLL peaks decrease rapidly and reduce to zero at certain critical widths
(green curve). Two groups of QLL peaks with smaller energy spacings are
revealed as the top-layer width increases (blue curves). The unusual evolu-
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tion of DOS reflects the drastic transformation from a monolayer-like QLL
spectrum to a bilayer-like QLL spectrum. Moreover, the distribution of the
monolayer and bilayer electronic states are clearly distinguished, facilitating
the determination of the geometric-structure-dependent QLL optical transi-
tions.
The main characteristics and the interlayer-atomic-interaction-induced
evolution of prominent Landau peaks in the DOS can be verified using scan-
ning tunneling spectroscopy (STS), which is an extension of STM [58] and
provides full information about the surface DOS, such as the DOS of sil-
icon [59, 60] and CNTs [61, 62]. The tunneling conductance (dI/dV ) is
proportional to the DOS, and therefore, the structures, positions, and inten-
sities of peaks can be resolved. In very wide GNRs, low-frequency symmet-
ric Landau peaks showing
√
nc,vB0 dependence have been observed [63, 64].
The aforementioned four categories of magnetoelectronic energy spectra in
nonuniform ZGNRs can be identified through STS measurements of the
DOS [33, 63, 65]. Moreover, the variations of the prominent symmetric QLL
peaks during a change in the top layer position/width can be observed, in-
cluding the peak strength, formation/disapperance of peaks, and the trans-
formation from monolayer-like QLLs to bilayer-like QLLs. In particular,
the coexistence of monolayer- and bilayer-like QLLs has been evidenced by
conductance measurements. Through gate voltage adjustment, strong sup-
pression of the bilayer resistance oscillation has been observed [23].
Wave functions with diverse spatial distributions are crucial for realizing
fundamental physical properties, such as charge density [66–69], state mix-
ing [41], and optical transition [29, 70]. The wave functions of ZGNRs (Eq.
(2)) can be decomposed into the subenvelope functions of distinct sublattices
17
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Figure 6: (a) Position-dependent DOS for the nonuniform ZGNR with Nb = 250 and
Nt = 25. (b) Width-dependent DOS for the nonuniform ZGNR with Nb = 250 and a
centered top layer. The DOSs at three characteristic positions (curves 1–3 for ds = 0, 112,
and 225) and for three characteristic widths (curves 4–6 for Nt = 2, 150, and 250) are
shown in red in Figs. 3(d)–3(f) and Figs. 4(d)–4(f). The geometric configurations for the
characteristic positions/widths are indicated by the shaded parallelograms.
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as follows:
|Ψc,v〉 = ∑
m=1,3,5,...
(
A1o|ΦA
1
m 〉+B1o |ΦB
1
m 〉+ A2o|ΦA
2
m 〉+B2o |ΦB
2
m 〉
)
+
∑
n=2,4,6,...
(
A1e|ΦA
1
n 〉+B1e |ΦB
1
n 〉+ A2e|ΦA
2
n 〉+B2e |ΦB
2
n 〉
)
, (3)
where the subscript o (e) indicates amplitudes on odd (even) zigzag lines.
Only the odd terms are discussed because of the phase difference of pi (e.g.,
A1o = −A1e). In general, the electronic states in the parabolic subbands
present standing waves, reflecting the lateral confinement. Furthermore, the
quantized states in the dispersionless QLLs show Landau wave functions,
which are products of a Hermite polynomial and a Gaussian distribution
function. Because the prominent absorption peaks arise from the optical
transitions between QLLs, it is worthwhile to investigate the wave functions
at the formation center of QLLs.
The wave functions are strongly dependent on the position of the nar-
row top layer. When the top layer is positioned at the edge of the bottom
layer, the QLLs remain dispersionless and the center-located Landau wave
functions are almost unaffected. The nc = 1–3 Landau wave functions at
kx = 2/3 (black circles in Fig. 3(a)) show Landau modes in A
1
o and B
1
o
sublattices, and these modes are similar to those of the monolayer ZGNR
(heavy black dots in Fig. 7). Such spatial distributions of Landau modes are
either symmetric or antisymmetric, and the node number of the subenvelope
functions in sublattice A1o is lower than that in sublattice B
1
o by one. For
instance, there are one and two nodes on the A1o and B
1
o sublattices for the
nc = 2 QLL, respectively (Figs. 7(b1) and 7(b2)). Therefore, the subband of
the larger state energy |Ec,v| has a larger node number, and the number of
nodes on the B1o sublattice is chosen to be suitable for indexing the subbands.
The electronic states are drastically altered by interlayer atomic interactions.
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Figure 7: Wave functions of the subbands corresponding to the nc range 1–3 at kx = 2/3.
Heavy black dots denote the top layer of width Nt = 25 at ds = 0, and light red dots
correspond to Nt = 25 and ds = 112. The gray zones indicate the centered top layer.
The states of the nc = 1–3 irregular oscillatory QLLs at kx = 2/3 (red circles
in Fig. 3(b)) are mixed with the states of parabolic subbands, and therefore,
the wave functions (light red dots in Fig. 7) become piecewise continuous or
have two jump discontinuities in the A1o and B
1
o sublattices at the two edges
of the top ribbon (edges of gray zone), indicating the absence of the normal
Landau modes. Furthermore, the spatial distributions of the top layer (A2o
and B2o) turn out to be observable, showing distorted standing waves. It is
predicted that the suppression of QLL transition peaks and the appearance
of additional subpeaks occurs because of the distortions in wave functions.
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The monolayer-like Landau wave functions evolve into bilayer-like Lan-
dau wave functions when the top layer of the nonuniform GNR becomes
sufficiently wide. In the uniform bilayer ZGNRs (Wb = Wt), the spatial
distributions of Landau wave functions, including the amplitude, spatial
symmetry, and node number, are not well behaved under the influence of
interlayer interactions. In both groups of Landau states, the wave functions
at the formation center are somewhat distorted and the amplitudes are dif-
ferent for the four sublattices (heavy black dots in Fig. 8). Obviously, in
the first-group (second-group) Landau states, the amplitude of the B1o (A
1
o)
sublattice dominates among the amplitudes of the four sublattices, and the
corresponding node number is characterized as the subband index. In other
words, for the nc,v1 = n ≥ 2 (nc,v2 = n ≥ 1) Landau wave functions, there
are n − 1, n, n − 1, and n − 2 (n, n + 1, n, and n − 1) nodes in the suben-
velope functions of sublattices A1o, B
1
o , A
2
o, and B
2
o , respectively. For the
nonuniform ZGNR with a sufficiently wide top layer (Wb > Wt > lB), the
QLL wave functions are similar to those of bilayer ZGNRs (light red dots
in Fig. 8). The regularity of node numbers in the Landau modes and the
dominant sublattices for each group remain the same. However, the Landau
wave functions of the second group have an extra component—the standing
waves of parabolic subbands—and therefore show slightly distorted distribu-
tions (Figs. 8(a) and 8(b)). It is predicted that there are four categories of
inter-QLL transitions, two intragroup and two intergroup transitions.
For the nonuniform GNR with sufficiently wide overlapping and nonover-
lapping regions, the monolayer and bilayer Landau wave functions can con-
currently exist. At the formation center of monolayer-like QLLs (kx = k1),
the features of Landau wave functions are identical to those of the QLLs
in monolayer ZGNR. The symmetric/antisymmetric subenvelope functions
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Figure 8: Wave functions of the low-lying QLLs at kx = 2/3. The light red dots denote
the centered top layer of width Nt = 150, and the heavy black dots represent the centered
top layer of width Nt = 250. The gray zones indicate the centered top layer with Nt = 150.
The locations of the electronic states on the first- and second-group QLLs are marked by
the red triangles and blue diamonds in Fig. 4, respectively.
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of sublattices A1o and B
1
o are localized at the center of the nonoverlapping
region (white zones in Figs. 9(a1), 9(a2), 9(b1), 9(b2), 9(c1), and 9(c2)),
and their node numbers are n − 1 and n for the nc,v = n monolayer-like
QLLs, respectively. Meanwhile, at the formation center of bilayer-like QLLs
(kx = k2), Landau wave functions of the bilayer ZGNR are exhibited. The
slightly distorted subenvelope functions are localized at the center of the
overlapping region (Figs. 9(d)–9(f)), and the node number in each sublat-
tice is identical to that of the bilayer ZGNR. In addition, near the interface
between the two regions, the wave functions are distributed in a piecewise
continuous form and the distorted bilayer and monolayer Landau wave func-
tions are joined [71]. The prominent absorption spectrum is predicted to be
characterized by optical transitions between the monolayer-like QLLs and
between the bilayer-like QLLs.
The aforementioned features of wave functions can be investigated by
spectroscopic-imaging STM [72–74]. It can resolve charge distributions from
the local DOS and is a powerful tool for identifying standing waves and
Landau wave functions on the surfaces of various condensed-matter sys-
tems. Standing waves have been directly observed at the surface steps of
Au(111) and Cu(111) [72, 75]. Furthermore, theoretical predictions of the
standing waves in a finite-length metallic CNT [76, 77] have also been ver-
ified [62, 78]. Recently, Landau orbits without the zero point have been
observed [79, 80], and subsequently, observations of the concentric-ring-like
nodal structures have also been made [81, 82]. In nonuniform GNRs, the
monolayer/bilayer/distorted Landau wave functions are closely related to the
geometric configuration. In particular, interlayer interactions lead to state
mixing, and interfaces give rise to the discontinuous distributions. The di-
verse spatial distributions in Landau wave functions can be examined through
23
Figure 9: Wave functions of the low-lying subbands at kx = k1 and k2. The shaded regions
represent the top layer of width Nt = 300 at ds = 0. The locations of the electronic states
at kx = k1 and k2 are indicated by the red and blue crosses in Fig. 5(a), respectively.
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spectroscopic-imaging STM measurements on nodal structures.
4. Magneto-optical properties
When a GNR is placed in an electromagnetic field with the electric polar-
ization eˆ‖xˆ, electrons are excited from occupied to unoccupied states. Ver-
tical optical excitations with the same wave vector (∆kx = 0) are available
since the photon momentum is almost zero. The optical absorption function
based on Fermi’s golden rule is given by
A(ω) ∝ ∑
h,h′=c,v
∑
n,n′
∫
B.Z.
dkx
2pi
Im
{
f [Eh
′
(kx, n
′)]− f [Eh(kx, n)]
Eh′(kx, n′)− Eh(kx, n)− ω − iΓ
}
×
∣∣∣∣∣
〈
Ψh
′
(kx, n
′)
∣∣∣∣ eˆ · pme
∣∣∣∣Ψh(kx, n)〉
∣∣∣∣∣
2
, (4)
whereme is the bare electron mass, p is the momentum operator, f [E
h(kx, n)]
is the Fermi–Dirac distribution function, and Γ (≈ 2 meV) is the phe-
nomenological broadening parameter. The spectral intensity is dominated by
the joint DOS (the first term) and the velocity matrix element (the second
term). The second term is evaluated within the gradient approximation [83–
85]; such evaluation has previously been successfully performed for layered
graphite [84, 86], CNTs [86, 87], and few-layer graphenes [88, 89]. The veloc-
ity matrix element is expressed as (1/h¯)
∑
l,l′=1C
h′∗
l (kx, n
′)Chl′ (kx, n)[∂Hl,l′(kx)/∂kx],
where Chl′ (kx, n) is the amplitude at the lattice site of the subenvelope func-
tion. The nonvanishing ∂Hl,l′/∂kx is related to the nearest-neighbor atomic
interactions. The presence of optical transitions depends on the finite inner
product among the initial state and final state on different sublattices and
∂Hl,l′/∂kx. For example, the edge-dependent optical selection rules for GNRs
in the absence of external fields have been obtained by analyzing the velocity
matrix elements and the special relationships among wave functions. The
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selection rules are |∆J | = odd for ZGNRs and ∆J = 0 for AGNRs, where J
is the subband index [42, 44].
On the basis of the geometric configuration, the magnetoabsorption spec-
tra of nonuniform GNRs can be divided into four categories: monolayer-like,
bilayer-like, coexistent, and irregular spectra. The prominent QLL transi-
tion peaks might be strongly suppressed, depending on the position of the
narrow top layer. For an edge-aligned top layer (Figs. 10(a) and 10(c)), the
magnetoabsorption spectrum is very similar to that of monolayer ZGNRs
(light red curve), except for few extra subpeaks. There are many promi-
nent symmetric peaks (ωnvnc ’s) associated with the vertical transitions from
the nv QLL to the nc = nv ± 1 QLL. This is because valence and conduc-
tion subbands with adjacent indices possess the same Landau mode. The
velocity matrix elements have finite values, and therefore, the optical tran-
sitions can exist for the subbands satisfying the magneto-optical selection
rule |∆n| = |nc − nv| = 1 [39, 70]. Furthermore, the peak height, which
is proportional to the kx range of the QLL, decreases with an increase in
the frequency. Notably, the QLL transition frequencies exhibit the simple
relation
√
B0(
√
nv +
√
nv ± 1) based on the √nc,vB0 relationship and the
selection rule |∆n| = 1. The extra absorption subpeaks originate from the
transitions between the band-edge states of mixed subbands. In particular,
the number, intensity, and frequency of the absorption peaks are very sen-
sitive to the position of the top layer, especially for a center-positioned top
layer (Fig. 10(b)). Most of the higher-frequency peaks are thoroughly sup-
pressed because of distortions in the wave functions, whereas the intensity of
the low-frequency peaks is reduced.
The top-layer width dominates whether the QLL spectrum is a monolayer-
like spectrum or bilayer-like spectrum. Monolayer-like QLLs are exhibited in
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Figure 10: Low-frequency magneto-optical absorption spectra of the nonuniform ZGNRs
with Nb = 250 and Nt = 25 at (a) ds = 0, (b) ds = 112, and (c) ds = 225 for B0 = 30
T. Light red curve indicates the magnetoabsorption spectrum of the monolayer ZGNR.
Dashed red lines indicate the inter-QLL absorption frequencies of the monolayer ZGNR.
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the nonuniform GNR with a very narrow top layer (Fig. 11(a)). The intensity
of the QLL transition peaks is lower for a wider top layer (Fig. 11(b)). When
the top ribbon width is close to the spatial distribution of Landau wave func-
tions (Nt = 100 in Fig. 11(c)), the interlayer interactions strongly suppress
the QLL transition peaks, lead to the absence of selection rules, and cause
many low-intensity subpeaks to appear. The main reason is that the disper-
sionless QLLs become irregular oscillatory QLLs, and the wave functions are
highly distorted. However, two groups of QLLs are formed as the top layer
width is sufficient for magnetic quantization (e.g., Nt = 150 in Fig. 4(b)).
Consequently, the absorption spectrum (Nt = 150 in Fig. 11(d)) is similar
to that of the bilayer (Wt = Wb in Fig. 11(e)). There are four categories
of inter-QLL absorption peaks, and half of them belong to intragroup or in-
tergroup excitations. In particular, the low-frequency peaks originate from
the intragroup QLL transitions (ω1nc1nv1) between the n
c
1 and n
v
1 QLLs. These
peaks obey the selection rule |∆nintra| = |nc1 − nv1| = 1 because the Landau
modes are the same on the ith layer for the Ai (Bi) sublattice of the initial
state and the Bi (Ai) sublattice of the final state [36, 90]. Because of the
asymmetric QLL spectrum, the intragroup transitions (ω1n(n−1) and ω
1
(n−1)n)
show twin-peak structures, except for the threshold transitions (ω112).
Monolayer and bilayer QLL transitions can exist simultaneously when the
nonoverlapping and overlapping regions are sufficiently wide for the quan-
tization of the electronic states. The well-behaved monolayer and bilayer
Landau wave functions are in the nonoverlapping and overlapping regions,
respectively (Fig. 9), and therefore, the different optical transitions can con-
currently exist. The |∆n| = 1 absorption peaks with wide frequency spacings
and the |∆nintra| = 1 peaks with narrower frequency spacings are clearly
present in Fig. 12. Moreover, their relative peak height is roughly propor-
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Figure 11: Magneto-optical absorption spectra of the nonuniform ZGNRs with Nb = 250
for (a) Nt = 2, (b) Nt = 25, (c) Nt = 100, (d) Nt = 150, and (e) Nt = 250 at the ribbon
center. Dashed red and blue lines represent the inter-QLL absorption frequencies of the
monolayer and bilayer ZGNRs, respectively.
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Figure 12: Magneto-optical spectrum of the nonuniform ZGNR with Nb = 700 and
Nt = 300 at ds = 0.
tional to the ratio between the widths of the two distinct regions.
The inter-QLL transitions and selection rules can be examined through
experimental measurements, as previously performed for few-layer graphene-
related systems by using magneto-optical transmission [91, 92] and magneto-
Raman spectroscopy [93]. Some of the theoretical predictions, especially
regarding the threshold absorption peak of ω01 in a magnetic-field, of GNRs
have been recently verified through infrared transmission measurement on
epitaxial monolayer GNR arrays [92]. For narrow monolayer GNRs, ω01 does
not obey the
√
B0 dependence at low magnetic fields. However, the depen-
dence is satisfied at high magnetic fields. The predicted magneto-optical
properties of nonuniform GNRs can be verified, and they include the mono-
layer, bilayer, and coexistent QLL absorption spectra, magneto-optical selec-
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tion rules, and single-peak, twin-peak, and irregular-peak structures. They
are quite sensitive to the geometric configuration. Moreover, the discus-
sions presented provide an elementary example for understanding the optical
properties of other similar structures and the effect of van der Waals inter-
actions, such as partially overlapping GNRs [47–49], GNR-graphene super-
lattices [50], and van der Waals heterostructures [51–53].
5. Conclusion
The low-energy magnetoelectronic and optical properties of nonuniform
bilayer GNRs can be considerably altered by changing their geometric con-
figuration. There are four categories of QLL spectra: monolayer-like, bilayer-
like, coexistent, and irregular oscillatory spectra. Monolayer-like QLLs are
revealed for an edge-aligned narrow top layer (Wt < lB), for which the Lan-
dau wave functions have almost well-behaved modes. The prominent sym-
metric DOS peaks arise from the QLLs and partial flat subbands. With an
increase in the width of the top layer, the QLLs evolve from dispersionless
to irregular oscillatory and show many extra band-edge states. Furthermore,
interlayer atomic interactions induce considerable distortions in wave func-
tions and severe state mixing between parabolic subbands and QLLs. The
major symmetric DOS peaks are suppressed, and additional asymmetric sub-
peaks related to the extra band-edge states are revealed. A bilayer-like QLL
spectrum is formed when the top layer is sufficiently wide (Wt > lB) for
the quantization of the electronic states. There are two groups of QLLs and
symmetric DOS peaks. Furthermore, the Landau wave functions become
bilayer-like wave functions because of interlayer interactions. For nonuni-
form GNRs with sufficiently wide nonoverlapping and overlapping regions,
monolayer- and bilayer-like QLLs concurrently exist; moreover, DOS peaks
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are also revealed. The well-behaved monolayer and bilayer Landau states
are present in the nonoverlapping and overlapping regions, respectively. The
main characteristics of electronic properties revealed in the DOS and wave
functions can be identified by using STS and spectroscopic-imaging STM.
Unusual electronic structures are reflected in the absorption spectra. The
low-frequency prominent symmetric absorption peaks corresponding to the
inter-QLL transitions obey the magneto-optical selection rule |∆n| = 1 for
monolayer-like QLLs and |∆nintra| = 1 for bilayer-like QLLs. In the disor-
dered QLL spectrum, higher-frequency inter-QLL transitions are suppressed,
and many low-intensity peaks without selection rules are revealed. In par-
ticular, monolayer- and bilayer-like absorption spectra can coexist when the
widths of both nonoverlapping and overlapping regions are sufficiently wide
for magnetic quantization. The feature-rich absorption spectra and selec-
tion rules can be explored using magneto-optical transmission and magneto-
Raman spectroscopy. Recently, partially overlapping structures between
CVD-grown graphene grains have been synthesized [47, 49, 94]. The the-
oretical study of nonuniform GNRs can provide an essential understanding
of such structures and the effective van der Waals interactions have on their
properties.
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